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The goal of this paper is to give a short version of the new model of the representa- 
^N^ion of the current groups with a semisimple Lie group like {U{n, 1))^ , {0{n, 1))^. In the 
1— fearlier papers of 70-80-th with LM. Gelfand who had posed the problem about irreducible 
J>representations of the current group for SL{2,R), we have used a Fock space ([9l[3]) simi- 
Jl^ar to Araki's formalism ([Ij). The construction of the Fock unitary representation of the 
'V^urrent group , where G is an arbitrary locally compact group, is based on a special 
Cdrepresentation of the original group G, i.e., a unitary representation of G with nontriv- 
ial 1-cohomology (see, e.g., [HE]). Some groups, including a part of semisimple rank 1 
Lie groups, have irreducible special unitary representations; see [3] and the references 
in [lO] . A necessary condition for this is that the identity representation is not isolated 
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in the space of irreducible representations (i.e., the absence of Kazhdan's property), see 
[12l[2]. The representations of the current groups corresponding to irreducible special 
representations are also irreducible. 

However after our papers (see |10l [TT] and previous) became clear that the crucial role 
in the constructions play nilpotent subgroups and its one-dimensional extensions. In the 
same time for commutative and nilpotent groups G, only the identity representation is 
special, and the corresponding 1-cohomology group is just the group of characters of G 
(i.e., the group of homomorphisms from G to T). Nevertheless, there is a class of groups, 
including Lie groups, that have no irreducible special representations, but have reducible 
special representations. These representations also give rise to construct the irreducible 
representations of current groups in Fock spaces. In this paper, we confine ourselves to 
simply connected nilpotent Lie groups on which there is a nontrivial action of the group 
of automorphisms M^. In particular, this class contains all connected, simply connected 
abelian and metabelian Lie groups, including the Heisenberg group and its generalizations. 
This choice is justified by the fact that irreducible special representations of semisimple 
Lie groups, if they do exist, in fact come from reducible special representations of certain 
nilpotent subgroups. This reduction to nilpotent subgroups is useful also in other cases. 
On the other hand, our construction for nilpotent groups is extremely simple and reduces 
just to the construction of semidirect products. 

Starting from an arbitrary unitary representation T of a nilpotent group N of the form 
described above, we construct a special (reducible) representation T of this group and then 
extend it to a special representation of the semidirect product G = M.*j^/,N . After that, we 
construct the representations of the corresponding current groups A'^'''" and G^ associated 
with T. To describe them, instead of the classical Fock model, we use the Poisson model 
introduced in [11] (for brevity, we will call it simply the Poisson representation), which is 
more convenient for this class of groups. 

The case of the Heisenberg group N of order 2n — l is considered separately. We describe 
the special representation T of the group P = M.*^AN associated with an irreducible repre- 
sentation T of the group and the corresponding Poisson representation U of the current 
group P^; the representations T and U are also irreducible. We also briefiy describe, using 
an embedding of P into the semisimple Lie group U{n, 1), an extension of the special rep- 
resentation T of the group P to a representation of the group U (n, 1) and, correspondingly, 
an extension of the representation of the current group P^ to a projective representation 
of the current group U{n, l)^ (for a detailed description, see pT]). 

The authors are grateful to N. Tsilevich for translating the paper and useful remarks. 

1. Canonical families and the associated special representations of groups. We 

say that a unitary representation T of a locally compact group G in a Hilbert space H is 
special if it has a nontrivial 1-cocycle. Recall that a 1-cocycle of T is a continuous map 
(3 : G H such that (3{gig2) = T{gi)f3{g2) + (i{gi) for any (71,52 £ G. Nontriviality means 
that (3 cannot be written in the form T{g)h — h with h € H. The construction of special 
representations of the group G (if they do exist) is based on the following notion of a 
canonical system of representations. 
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Let {Tj., < r ^ rg} be a one-parameter family of unitary representations of a locally 
compact group G in Hilbert spaces Hr and dm{r) be an infinite measure on [0, rg] such 
that /J° dm{r) < oo for e > 0. In particular, if ro < oo, we may take dm{r) = r ^dr. 

Definition 1. The family {T^, < r ^ ro} is called a canonical family of representations 
with respect to the measure m if the spaces Hj. do not contain nonzero vectors invariant 
under the operators Tr{g) and there exist unit vectors hr € Hr such that 

'■o 

\\Tr{g)hr — hr\\Hrdm{r) < oo for every g G G. (1) 

The family of vectors {hr} will be called almost invariant with respect to G. 

Note that for the measure dm{r) = r^^dr, condition ([T]) follows from a stronger estimate: 
there exists a > such that 

\\Tr{g)hr - hr\\ = 0{r'') for every g £ G. (2) 

In the definition of a canonical family, we may assume that the spaces Hr are identified 
with a fixed Hilbert space H so that the images of all vectors hr coincide with a fixed unit 
vector h £ H. Then condition ([T|) takes the following form. 

In the space H , there is no nonzero vector invariant under the operators Tr{g) and there 
is at least one nonzero vector h such that 

\\Tr{g)h — h\\dm{r) < oo for every g £ G. (3) 

Such a vector h will be called an almost invariant vector in the space H. Clearly, the set 
of all almost invariant vectors is a linear subspace of H. 

Remark. It follows from the definition of a canonical family that the identity representation 
is a limiting point for the representations T,, as r — >• in the Fell topology on the set of 
unitary representations of G. 

With every canonical family {Tr, < r < ro} of representations of a group G in a Hilbert 
space H with respect to a measure m on [0, rg] we associate a new unitary representation T 
of this group. It is realized in the direct integral of the Hilbert spaces Hr = H with respect 
to the measure m, i.e., in the Hilbert space 

fro 

n = / Hrdm{r), Hr = H, 
Jo 

of sections /(r) of the fiber bundle over [0,ro] with fibers Hr, r G [0,ro], endowed with 
the norm = /J^" ||/(r)|pdm(r). The operators of this representation act fiberwise: 

{f{g)f){r)=Tr{g)f{r). 

Theorem 1. The representation T of the group G associated with a canonical system of 
representations {Tr : < r < rg} is a special representation with a nontrivial 1-cocycle of 
the form 

P{g;r) = Tr{g)hr-h, hr = h, (4) 
where h £ H is an almost invariant vector in H. 
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Indeed, it follows from the definition of a canonical family that the vector f3{g) with 
components Tr{g)hr — € Hr lies in the space % and, consequently, is a 1-cocycle of the 
representation T of the group G in the space %. The non-triviality follows from the fact 
that H has no invariant vectors and the measure m on [0, rg] is infinite. 

Remark. It is of interest to find out the structure of representations T that are limiting 
points in the Fell topology of the representations of a canonical system in the case 
where all are irreducible. If the group G has no special irreducible representations (it 
is this case that we consider in the paper), then the only possible limit is the identity 
representation. If there exist irreducible special representations, then a limiting point can 
also coincide with one of them. It is this phenomenon that we observe in the case where Ty. 
is a family of complementary series representations of the semisimple Lie group 0(n, 1) or 
C/(n, 1), see [TO]. 

2. The semidirect products G = X Go and their special representations. In 

this section, we introduce a family of groups having a canonical system of representations. 

Let Go be an arbitrary locally compact group on which an action of the group of auto- 
morphisms is defined: r : g^^ g^ for every r G M^. Then 

1) The group Gq can be realized as a subgroup of the semidirect product G = M!j_XGo, 
i.e., the group of pairs (r, (/) G x Go with the multiplication law 



2) Every unitary representation T of the group Go in a Hilbert space K gives rise to 
a one-parameter family of unitary representations T^, r € M^, of Go in the same 
space if, which are given by the formula 



We say that these representations are conjugate to the original representation T. 

Definition 2. A unitary representation T of the group Go in a space K is called sum- 
mable with respect to an infinite measure m on M!j_ with J°° dm{r) < oo for e > if the 
representations Tr of Go conjugate to T form a canonical system with respect to m. 
The group Go will be called nice if it has at least one summable representation. 

In what follows, we assume that dm[r) = e 2 d*r, where d*r = r~ dr is the 
Haar measure on and n(r) is a smooth positive function on the half-line such that 

e 2 d*r < cxo for e > 0. 
Then the summability condition for a representation T in a space K means the non- 
existence of invariant vectors h ^ in K and the existence of a nonzero vector h € K such 
that 



{ri,gi){r2,g2) = {rir2,g\^g2)- 



Tr{g)=T{g'). 



Jo 

Theorem [1] implies the following result. 




for every g G. 



(5) 



Theorem 2. Every summable unitary representation T of the group Gq in a Hilbert 
space K gives rise to a special representation T of this group in the Hilbert space 
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/C = Krd*r, Kr = K, which is defined by the formula {T{g)f){r) = Tr{g)f{r). With 
every almost invariant vector h & K is associated the nontrivial 1-cocycle (3 : Gq ^ IC, 

/3{g,r) = e ~{Tr{g)hr - K), K = h. (6) 

Theorem 3. The special unitary representation T of the group Gq can be extended to a 
representation of the semidirect product G = M*^AGq in which the operators corresponding 
to elements of the subgroup M ^ have the form 

(T(ro)/)(r) = /(rro). (7) 
With every almost invariant vector h ^ K is associated the nontrivial 1-cocycle f3 : G ^ IC, 

(3{g,r) = {f{g)f){r) - f{r), where f{r) = e-^hr. (8) 

Proof. The invariance of the Haar measure d*r impHes that the operators corresponding 
to elements of the subgroup M*^ are unitary. One can easily see that together with the 
operators corresponding to elements of the subgroup Gq they generate a representation of 
the whole group G. 

Further, let us verify that f3{g) is a nontrivial 1-cocycle on G. First of all, for g Gq, 
formula ([8]) coincides with ([6]), so that P{g) is a nontrivial 1-cocycle on Gq. Hence it suffices 

u{rrQ) u{r) 

to check that ||/3(ro)|| < oo for ro E M!!i_. In this case, (3[g,r) = (e 2 — e ~)hr, whence 
||/3(ro)|r = Jo |e 2 -e 2 yd*r< 00. □ 

As we mentioned earlier, there is a subgroup Kq C K such that Kq \ is the set of all 
almost invariant vectors h (z K. Let us fix a function n(r) = uo{r). We can associate to 

each vector h G Kq the 1-cocycle /3 : G — ?> /C of the form ([8]) with /(r) = e ~h. The 
subset of all such co cycles forms a subgroup, wchich we denote Zq. 

Let V : Kq onto Zq be the natural epimorphism. If h,h' € Kq, and h — h' ^ 0, then 
h — h' is an almost invariant vector. By Theorem [3] the 1-cocycle v{h) — v(h') = v{h — h') 
is non-cohomologous to 0. This implies: 

Corollary. Cocycles in Zq are pairwise non-cohomologous. The groups Kq and Zq are 
isomorphic, Kq = Zq. 

Theorem 4. Each 1-cocycle (3 of the form ([5]) is cohomologous to a (unique) cocycle lies 
in the group Zq = Kq. 

— U(\ (r ) 

Proof Let u(0) = uq{0) = 0, and let /o(r) = e^" /i^. Then /(O) = /o(0) = h. Therefore 

||/(r)-/o(r)fd*r <oo. 



So, /(r) — /o(?^) € /C, and the 1-cocycle /3 is cohomologous to the 1-cocycle /3o = v{h) G 

zl □ 

Theorem 5. If the summahle representation T of the group Gq is irreducible and the 
representations Tr of the group Gq conjugate to T are pairwise nonequivalent, then the 
special representation T of the group G = M X Gq associated with T is also irreducible. 

Sometimes the representations T^ are automatically pairwise nonequivalent; this is the 
case in our further examples. 
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3. Special representations of nilpotent Lie groups and their one-dimensional 
extensions. Here we introduce a class of nilpotent Lie groups having special represen- 
tations. Every group in this class can be embedded into the direct product G = W*^ A N 
and is nice in the sense of Definition [2j Note that all special representations of these groups 
are reducible, since irreducible representations of nilpotent groups have no nontrivial 1- 
co cycles. 

3.1. General definitions. Recall that a Lie algebra L is called nilpotent of class n if its 
lower central series L = Li D L2 D ■ ■ ■ D Ln D ■ ■ ■ , where Lj+i = [L,Li], terminates at 
the nth step, i.e., L„ 7^ and Ln+i = 0. We will say that an element a G L is of degree 
r(a) = k if a e Lk\ Lk+i- 

The space L of such an algebra can be written as the direct sum of nonzero vector spaces 

n 

^ = ^^k, where Rk C L^, 1^ = Rk® ^fc+i- (9) 

fc=i 

Here every nonzero element of every space Rk has degree k. 

A nilpotent Lie algebra of class n is called graded if there exists a decomposition of the 
form ([9]) such that 

[Ri,Rj] C Ri+j', Rk = for k > n. 

Each such decomposition is called a grading of the algebra L. In particular, all nilpotent 
algebras of class 1 (abelian algebras) and class 2 (metabelian algebras) are graded algebras. 
The following properties are obvious: 

1) Every grading of a graded algebra L is uniquely determined by a subspace Ri C L 
such that L = Ri (B [L, L]; the subspaces Rk of this grading can be defined by 
induction on k via the formula Rk = J2i+j=ki^j^ -^il- 

2) Every quotient algebra L/Lk of a graded algebra L is also graded; if L = 0"=^ 
is a grading of L, then L/Lk = ©j"Ji Ri/Lk is a grading of L/Lk- 

Every grading ([9]) of a graded Lie algebra L of class n allows one to realize L as the 
space of sequences a = (ai, . . . , a„,), G Rk, with the multiplication law 

[a,6] = (0,C2, . . . ,c„), where Ck = ^[aj,&i]- (10) 

i+j=k 

A nilpotent Lie algebra L of class n is a graded algebra if and only if on L there exists a 
diagonalizable differentiation operator D with eigenvalues 1, . . . ,n. Namely, the spaces Rk 
can be defined as the eigenspaces of this operator. 

Proposition 1. Every differentiation operator D with these properties gives rise to a one- 
dimensional extension of the graded algebra L to the solvable algebra L(B{D} in which the 
commutation relations on L are supplemented by the relations 

[D,D]=0; [D,a] = -[a,D]= Da for a e L. (11) 

Remark. Examples of nongraded algebras are characteristically nilpotent algebras, in which 
all differentiation operators are nilpotent. 
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A Lie group is called a nilpotent (graded) group of class n if its Lie algebra L is 
a nilpotent (graded) algebra of class n. It is known that a simply connected nilpotent 
group N is uniquely determined by its Lie algebra L, and there exists a diffeomorphism 
exp : L ^ N, the exponential map, between the manifolds of this group and its Lie algebra. 

If A" is a simply connected graded Lie group of class n and ([9|) is a fixed grading on its 
Lie algebra L, then one can choose the coordinates of the vector space R = 0^=i Rk as 
coordinates on A. We will call them the canonical coordinates on A. Thus elements a N, 
where A is a one-dimensional graded nilpotent Lie group of class n, are sequences of the 
form a = (oi, . . . , a„) with € Rk- 

Theorem 6. In the canonical coordinates, the product of elements of a simply connected 
graded nilpotent Lie group A of class n has the following form: 

a • 6 = (ai + bi,a2 + 62 +P2(a,&)), . . . , a„ + 6„ +p„(a, 6)), (12) 

where Pk{a, h) € Rk are polynomials inai, . . . , ak~i and 61, ... , bk-i satisfying the condition 
Pk{a, 0) = Pk{0, b) = 0. In particular, a ■ b = a + b + ^[a, b] for n = 2. 

Given a graded Lie algebra L, the action of the differentiation D on L (i.e., Dak = kak 
for elements Ok of degree k) generates an action of the group of automorphisms R on the 
graded group A = ©^^^ Rk defined as H- r^a^ for af^ £ R^. Thus A^ can be extended 
to a solvable group G = M ^ X A. 

Remark. By a general property of solvable Lie groups, the group G = M*^ A N can be 
realized as a subgroup of the group of lower triangular matrices of a certain order m. 
In this realization, the group M*^ turns into a one-dimensional subgroup of the group of 
diagonal matrices. 

3.2. Summability of the unitary representations; main theorem. Recall that Garding's 
space of the unitary representation T of the Lie group G in the Hilbert space H is the 
subspace H* C whch consists of all vectors h £ H with property: {T{g)h,h') € C°°{G) 
for all h' E H. According to the theorem by Gel'fand-Garding, the subspace H* is dense 
in H. 

Theorem 7. Let A be an arbitrary connected and simply connected nilpotent graded Lie 
group and let T be an arbitrary unitary representation of the group N in a Hilbert space H . 
Suppose H does not contain invariant vectors. Then each vector from the Carding space 
H* C H is almost invariant under T, thus the representation T is summable. 

Proof. Let A^ = 0^=1 -Rfc, Ofc € Rk be a fixed graduation of the group A" and a = 
(ai, . . . , On) ~ associated with it canonical system of coordinates on A^. Consider any vector 
h G H*, \\h\\ = I. Thus 

{T{a)h,h) = f{au...,an) gC°^{N), /(O) = 1 V a € A. 

Consequently, because of T,.(o) = T{a^) = T{rai, . . . , r'^an), we obtain: 

{Tr{a)h,h) = 1 + 0{r) for small r. 

It means that, \\Tr{a)h — = 2(1 — Re {Tr{a)h, h)) = 0{r). Consequently, the vector h 
is almost invariant with respect to the representation T. □ 
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Corollary. With every unitary irreducible representation T of the group N is associated 
the special irreducible representation T of the group G = A N . 

4. The special representation of the group M ^ X associated with the regular 
representation of N. The regular representation of a locally compact group G is the 
unitary representation of G in the Hilbert space Lp'{G, dg), where dg is the right-invariant 
measure on G, by right translations: {T{gQf){g)) = f{ggo). 

Let us describe the structure of the regular representation of a connected, simply con- 
nected nilpotent graded Lie group N of class n. Let 

n 
i=l 

be a fixed grading of A'^. With this grading, elements of N can be written as sequences 
a = (ai, . . . , a„), Oj € iij, and the right-invariant measure on N is da = dai ■ ■ ■ don, where 
doi is the Lebesgue measure on the vector space Ri. 

In our notation, the regular representation T of the group is a representation in the 
Hilbert space K = L'^{N,da) of functions /(a) = /(ai, . . . , a,i) with the norm = 
/at \ f{o.)'\^da. The operators of this representation are defined by the formula 

(r(5)/)(a) = /(a-6), 6GiV, 

where a • 6 is given by (I12p . 

The operators of the representations conjugate to T have the form 

{Tr{h)f){a)= f{a-W), beN, where ¥ = {rbi,rH2, ■ ■ ■ ,r^bn). 

It is clear that the space K does not contain vectors invariant under the operators of T, 
but, by Theorem [7| it contain almost invariant vectors. 

Let us describe a family of almost invariant vectors in the space K of the representa- 
tion T. Let fj, = {fii, . . . , fin) be an arbitrary sequence of positive definite quadratic forms 
fii : Ri ^ M. We assign to a function on N : 

n 

F^{a) = exp{-ij.{a)) = exp(- ^ /Xi(ai)), (13) 

where a = (ai, . . . ,an), ai € Ri. It is evident that F^ G and the linear space spanned 
by such vectors is dense in K. 

Theorem 8. All vectors F^ of the form (jl3|) are almost invariant in the space of the 
regular representation of the graded nilpotent group N . 

Proof. We fix a sequence ji = (/ii, . . . , Let Fk{a) = exp(— X]f=i ^ = 1, • • • , n. 

In particular, Fn{a) = -F)j(a). Consider Ffc(a) as a function on the group N/Nf^^i, where 
A'^j-i-i = [N, Ni]. Then Fp^{a) lies in H^, the space of the regular representation of N/N^j^i. 

We may assume that the Lebesgue measures dai on Ri are normalized so that 
/ij, ^"^''"^"'''^"i = 1. Then ||Ffc|| = 1, and the almost invariance condition dS]) for the 

u{r) 

vector F]^ G Hf. with respect to the measure dm{r) = e ~ d*r is equivalent to 

[\l-{Tr{b)Fk,Fk))'/^d*r<oo {k = l,...,n). (14) 
Jo 
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We will prove, by induction on the class n, the following estimate: 

{Tr.{b)Fn,Fn) = l + 0{r^) on (0,1). (15) 



Obviously, condition ()14p immediately follows from this estimate. 

First note that the representations T^, r G M!^, of iV conjugate to the regular represen- 
tation T have the form 

{Tr{b)f)ia)=fia-b^), beN, where 6^ = (r6i, r^fts, . . . , r^^. 

By Theorem m for every fixed b this formula can be written as 

{Tr{b)f){a) = f{ai +rbi,a2 + rq2{a,r,b), ■ ■ ■ ,an + rqn{a,r,b)), 

where qk{a,r,b) € Rk are polynomials in ai,...ak-i and r,bi, . . . ,bk- In what follows, 
instead of qk{a, r, b) we will write qk{a) or qkiai, . . . , a^-i). 
In the case n = 1, we have 

{Tria)Fi,Fi) = [ e-^i('^i+''''i)-^i("i)dai = e-'^^(''i). 

Here (•, •) is the scalar product on Hi. This immediately implies ()15|) for n = 1. 

Let us prove (jlSp for an arbitrary n under the assumption that it is proved for n — 1. 
We use the relation 

Fn{ai,...,an) = F„-i(ai,...,a„_i)e-^"('^"). 

It implies that 

(r,(6)F„,i^„) = ^((r,,(6)F„_i)(a)F„_i(a)e-^"(»"+^'?"(''»-^"(''"))dai •••da„. 

Here (•, •) is the scalar product on Hn- Integrating with respect to an and observing that 
only the last factor in the integrand depends on wn, we obtain 

{Trib)Fn,Fn)= [ (r,(6)F„_i(a), F„_i(a)))e-4M"('?"('^))dai • • • da„_i. (16) 
Jn 

Therefore, 

{Trib)Fn,Fn) = {Tr{b)Fn-i,Fn-i) -r"^ J{Q{a){Tr{b)Fn-i{a),Fn-i{a)))dai---dan-i, 

(17) 

where Q{a) is a bounded function of r and ai, . . . o„_i. Since Q{a) is bounded, the function 
/(r) = J {Q{a){Tr{b)Fn-i, Fn-i))dai ■ ■ ■ dun-i is bounded on [0,1]. Hence, in view of (fTTj) . 
estimate (I14p for i^^^i implies the same estimate for F„. □ 



Corollary. The special representation T of the group G = M*^_AN, associated with regular 
representation T of the group N , has a family of nontrivial 1-cocycles of type 

l3,i{g,r) = {f{g)f^){r) - f^{r), where f^{r) = e"5F^ 

parametrized by sequences fi = {fii, . . . , /x„) of positive definite quadratic forms fii : Ri ^ M. 
By Theorem\^ (corollary) these cocycles are pairwise non-cohomologous. 
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5. The case of the Heisenberg group. Here we describe the special representation of 
the Heisenberg group of order 2n — 1 associated with an irreducible representation of N 
and its extension to a representation of the group P = A N . 

The group is a nilpotent group of class 2, so that we can apply the above definitions 
and constructions. We realize as the set of pairs {it,z), t € M, z G C"""^, or, which is 
more convenient, as the set of pairs 

{C,z), where ( = it-^\z\'^, teM., z € C""S 
with the multiplication law 

(Cl, 2;i)(C2, Z2) = (Cl + C2 - ZiZ2,Zl + Z2). 

The group of automorphisms M!J_ acts on according to the formula (C, z) 1— ?• (r^C, rz), so 
that we have an embedding of A^ into the semidirect product P = M ^ X A^. 

Up to conjugacy of representations with respect to the action of the group M!^, there 
are two irreducible infinite-dimensional unitary representations of the group A^. The first 
representation T can be realized in the Hilbert space K of entire analytic functions f{z) 
on C"^"*^ with the norm 

\\ff=[ |/(^)pe— zz* = ^ZiZf, (18) 

its operators have the form 

{T{Co,zo)f){z) = e<'>-^'of{z + zo). (19) 

The second representation can be realized in the space of entire antianalytic functions. For 
definiteness, we confine ourselves to considering the first representation T. 

The special representation T of the group A^ associated with T is realized in the space 
JC = Krd*r and is given by the formula 

(f(Co,^o)/)(r,^) =e^'?°— ^o*/(r,z + rzo). (20) 

It can be extended to a special unitary representation of the group P = M*^ A N , where 
the operators corresponding to elements of the subgroup M *^ are given by the formula 

{f{ro)f){r,z) = f{rro,z). (21) 

The representation T of the group P is irreducible and has a nontrivial 1-cocycle of the 
form 

2 

Kg] r, z) = {T{g)f){r, z) - f{r, z), where /(r, z) = e"'' . (22) 
There exists an embedding of P into the semisimple Lie group U{n, 1) such that every 
element g € U{n, 1) can be uniquely written as a product g = pu, p & P, u £ U, where U is 
the maximal compact subgroup of U{n, 1). Using this embedding, we briefly describe the 
extension of the special representation T of the group P to a special unitary representation 
of the group U{n, 1) (for more details, see [TTjl. 

Consider the homogeneous space L = U\U{n,l) of the group U{n,l) realized as the 
space of pairs v = {a,b) G C © C^"^, where a + a + bb* < 0. The subgroup U is the 
stationary subgroup of the point vq = (—1,0), so that every element v G L can be written 
in the form v = pvQ with p G P. 



Special representations of nilpotent Lie groups 



11 



With every point v = {a,b) ^ L we associate the following function on M.*^ x ^: 
A(r,z) = e^''^+(^'*), where (z, 6) = ^^6^. (23) 

For every fixed r, these functions lie in the space K and form a total subset in K; their 
differences f^i — fv2 lis in the space /C = Jq°° Krd*r and form a total subset M in /C. 

On the set M, the original formulas for the operators T{g) of the special representation 
of P are equivalent to the following ones: 

T{g){U-f,,) = fg,,-fg.2- (24) 

Definition 3. The extension of the representation T of the subgroup P to the group 
U {n, 1) is defined on the total set M by the same formula ([24 



The nontrivial 1-cocycle of this representation has the form 

^(5) fgvo fvQ- 

6. The Poisson representations of current groups , where is a graded 
nilpotent Lie group. We begin with brief definitions of the countable tensor product of 
Hilbert spaces and quasi-Poisson measures. 

The countable tensor product '^'^=i{Kn,hn) of punctured Hilbert spaces {Kn,hn), where 
hn € Kn are fixed unit vectors in Hilbert spaces Kn, is the Hilbert space obtained by the 
norm completion of the inductive limit of the finite tensor products = ^n=i-^n with 
respect to the embeddings Hk — >• Hk (8) hk+i C Hk+i- 

The Poisson and quasi-Poisson measures. Every pair (1^,/^), where y is a standard 
Borel space (the state space) and /i is an infinite a-finite continuous measure on Y (the 
intensity measure) gives rise to the Poisson pair (<5(y),i/), where £{Y) is the space of 
all configurations on Y (finite or countable collections of points from Y containing every 
point with at most finite multiplicity) and v is the Poisson measure on £{Y) with intensity 
measure /u; for more details, see [6] and [TTj . 

A quasi-Poisson measure associated with the Poisson measure v is an infinite (sigma- 
finite) measure a on SiX) that is equivalent with respect to v; for more details, see [llj . 

In what follows, we assume that (y,/i) = (M;,e-"Wd* r) X (X, m), where {X,m) is a 
space with a probability measure m and u{r) is a fixed positive function on the half-line 

such that e~~^d*r < 00 for e > 0. Thus £{Y) is the space of countable sequences 
u = {{ri,Xi)}, where rj € M^, Xi € X, and ly is the Poisson measure on £(Y) with 
intensity measure e~'^^^^ d*rdm{x). In what follows, we assume that a is the quasi-Poisson 
measure cr associated with v that is given by the formula 

da{ijj) = TT{u})du{u}), where 7r{oj) = e~ ^('■>^)G'^ ""(^^ 

The measure a is uniquely determined by its characteristic functional, which has the fol- 
lowing form: 



/ 



exp(-S2f{y))da{uj) = exp( / (e-/('^'^) - e-'''^'U*rdm{x)) . (25) 



Now we describe the quasi-Poisson representation of the current group A^"'^ associated 
with a special representation T of the group A^. Let K be the space of the representation T 
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and h G K he an almost invariant vector of T. With every configuration uj E SiY) we 
associate the countable tensor product of punctured Hilbert spaces {Ky,hy) = {K,h): 

The representation U of the group A^'''" associated with the representation T of the group N 
can be realized in the Hilbert space 

QPSi£{Y),a,KS) 

of sections /(w) of the fiber bundle £(Y) with fibers K^, to € SiY), endowed with the 
norm 

|1/||2= / \\f{oj)fdaiu;). 
J£{Y) 

The operators of this representation are defined on the set of vectors of the form F^(u}) = 
(8>(r,x)ea;^(^i ^) (which is total in QPS{£(Y),a, K^)) by the following formula: 

{U{g{-))F,){oj) = (g) Tr{g{x))v{r,x), 

where are the representations of conjugate to the special representation T. 
The representation U of the group N-^ is obviously reducible. 

7. The extension of the representation U of the group N-^ to a representation 
of the group G^, where G = X iV. Now we describe an extension of the represen- 
tation U of the group A^'''" in the quasi-Poisson space Q,I'S{£{Y),a, K^) constructed above 
to a representation of the group = (RX)^ X N^, where, by definition, {RD^ is the 
group of measurable maps r : X — )• R !J_ such that 

log r(x)\dm{x) < oo. 

There is a natural action of the group (M^)"^ by transformations 

(r, x) >-^r{r,x) = {r{x)r,x) 

of the space y = M!^ x X and, consequently, by transformations u rco of the space of 
configurations SiY). It is known (see [11] ) that the quasi-Poisson measure a is ergodic and 
projectively invariant under the group of transformations (M^)'''-; 

With the elements of the group (M^)"^ we associate the operators on QPS(£^(y), a, K®) 
given by the formula 

{U{r)f){u) = e'2fx^°Sr{x)dm{x)f^~^y ^26) 

Theorem 9. The operators Uir) are unitary; together with the operators corresponding 
to the elements of the subgroup , they generate a unitary representation of the whole 
group G^ . 
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Indeed, the operators U{'r) are unitary by the projective invariance of the measure a. 
The second assertion immediately follows from the definition of these operators. 

Note that the operators U{g) for the whole group G'^ can be defined by a single formula: 

iU{g)F,)iu;) = gUx log^W-^-WF^^^^^, (27) 

where r(-) is the image of g{-) under the homomorphism — > (M^)"'^. 

Theorem 10. // the summable representation T of the group N satisfy to the conditions 
of Theorem 0, where Gq = N, then the representation U of the group G^ = M ^ X in 
the space QFS{£{Y), a; K^) associated with T is irreducible. 

Proof. Let us prove that every bounded operator A on QFS{S{Y), a; K^) that commutes 
with the operators ^7(5'), g € G^ , is a scalar operator. 

It follows from Theorem [5] that the representations Uuj{g) of the group in the spaces 
are (up to a subset of zero measure in the space £{Y)) irreducible and pairwise 
nonequivalent. Hence, every operator A on QPS{£{Y),a; K^) that commutes with the 
operators U{g), g G , is scalar on every . i.e., is the multiplication by a function 
/(w). If A commutes also with the operators U{g), g S (M^j.)'"-, then /(w) is constant on 
the orbits of this group un the space E(y). Since the measure a is ergodic with respect to 
(M^)'''", it follows that ^ is a scalar operator. □ 

8. The Poisson representation of the current group = AN^ , where N 

is the Heisenberg group of order 2n — 1, and its extension to a representation of 
the current group U{n, 1)^. Let T be the irreducible representation of the Heisenberg 
group N in the Hilbert space K described in Section [5] and a be the quasi- Poisson measure 
on £{Y) = £(W*^_ X X) with characteristic functional ()25p . where u{r) — 2r^. 

We will describe the representation U of the current group P^ in the quasi-Poisson 
space qPS{£{Y),a,K^) associated with T. 

Let T be the special representation of the group P associated with T, see Section [5l 
Consider the following total subset of vectors in QPS{£{Y),a, K^): 

Fpiu) = Ff^^^^ = if{p{x))f)ir,x;z), where /(r, x; z) = e"^'' (28) 

(r,x')Sw 

and p ranges over the group P^ . By the general formula (j27p . the operators U{p) for 
elements of the group P^ act on this set according to the formula 

U{po)Fp = fx i°g'-o(-)'^-(-)Fp„^, (29) 

where ro(-) is the image of po(") under the homomorphism P-^ — )• M^. 

It follows from the irreducibility of T that the representation U of the current group P^ 
is also irreducible. _ 

According to Section [5l the special representation T of the group P can be extended to 
a representation of the group U{n, 1). Using this extension, we will describe an extension 
of the representation of P^ to a representation of ?7(n, l)"**" . 

In the space Q,PS{£{Y),a,K^) we consider the set M of vectors of the form 

Fg{Lo)= {f{g{x))f){r,x;z), geU{n,lf. (30) 

(r,x)Saj 
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Note that Fg^ = Fg for every u G U-^ . Thus M coincides with the total set (j28p of 
vectors Fp, p e . 

We define the operators U{go) for 170 € U{n, 1)^ on the set M by the following formula: 

U{go)Fg = eIx^Hgo{x),g{x))dmix)p^^^^ 

where 

A(50,ff) = -^||%o)f - Re (6(50),/) - {f{go)b{g),f{go)f) + (6(5), /)■ 

T/ie restrictions to of the operators U{g) thus defined coincide on M with the oper- 
ators U{p) of the representation of the group P^ defined above. 

Theorem 11. The operators U{g), g € U{n,l)^ , preserve the inner products on M and 
are related by the formula 

U{gig2)Fg = e^lxPi9^(-)Mx))dn.(.) JJ^g^^ JJ^g^^J,^ g^^g^ g ^ ^^^^ ^^^^ 

where 

p{gi,g2) = -im((%2),K5r'») + im (6(5152) -%i) -6(92),/). 

Therefore, they induce an extension of the original representation of the group P^ to a 
unitary projective representation of the group U{n, 1)^ ■ 
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